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Abstract
In this Letter we study a model of interaction between the scalar field and an inhomogeneous ideal fluid. We have considered two forms of
the ideal fluid and a power law expansion for the scale factor. We have solved the equations for the energy densities. Also we show that besides
being a dark energy model to explain the cosmic acceleration, this model shows a decaying nature of the scalar field potential and the interaction
parameter.
© 2008 Elsevier B.V. Open access under CC BY license.Recent observations of type Ia Supernovae indicate that Uni-
verse is expanding with acceleration [1–5] and lead to the
search for a new type of matter which violates the strong en-
ergy condition, i.e., ρ + 3p < 0. In Einstein’s general relativity,
an energy component with large negative pressure has to be in-
troduced in the total energy density of the Universe in order
to explain this cosmic acceleration. This energy component is
known as dark energy [6–8]. There are many candidates sup-
porting this behavior [9], scalar field or quintessence [10] being
one of the most favored candidates as it has a decaying poten-
tial term which dominates over the kinetic term thus generating
enough pressure to drive acceleration.
Presently we live in an epoch where the densities of the dark
energy and the dark matter are comparable. It becomes difficult
to solve this coincidence problem without a suitable interac-
tion. Generally interacting dark energy models are studied to
explain the cosmic coincidence problem [11,12]. Also the tran-
sition from matter domination to dark energy domination can be
explained through an appropriate energy exchange rate. There-
fore, to obtain a suitable evolution of the Universe an interaction
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Open access under CC BY license.is assumed and the decay rate should be proportional to the
present value of the Hubble parameter for good fit to the expan-
sion history of the Universe as determined by the Supernovae
and CMB data [11]. A variety of interacting dark energy models
have been proposed and studied for this purpose [11–14].
Although a lot of models have been proposed to examine the
nature of the dark energy, it is not known what is the fundamen-
tal nature of the dark energy. Usually models mentioned above
are considered for producing the present day acceleration. Also
there is modified gravity theories where the EOS depends on
geometry, such as Hubble parameter. It is therefore interesting
to investigate models that involve EOS different from the usual
ones, and whether these EOS are able to give rise to cosmologi-
cal models meeting the present day dark energy problem. In this
Letter, we consider model of interaction between scalar field
and an ideal fluid with inhomogeneous equation of state (EOS),
through a phenomenological interaction which describes the
energy flow between them. Ideal fluids with inhomogeneous
EOS were introduced in [15–17]. Here we have considered two
exotic kind of equation of states which were studied in [18–20]
with a linear inhomogeneous EOS. Here we take the inhomo-
geneous EOS to be in polynomial form to generalize the case.
Also, the ideal fluid present here behaves more like dark matter
dominated by the scalar field so that the total energy density and
pressure of the Universe decreases with time. Also the potential
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we have considered a power law expansion of the scale factor,
so that we always get a non-decelerated expansion of the Uni-
verse for the power being greater than or equal to unity. We
have solved the energy densities of both the scalar field and
ideal fluid and the potential of the scalar field. Also a decaying
nature of the interaction parameter is shown.
The metric of a spatially flat isotropic and homogeneous
Universe in FRW model is,
(1)ds2 = dt2 − a2(t)[dr2 + r2(dθ2 + sin2 θ dφ2)],
where a(t) is the scale factor.
The Einstein field equations are (choosing 8πG = c = 1)
(2)3 a˙
2
a2
= ρtot
and
(3)6 a¨
a
= −(ρtot + 3ptot).
The energy conservation equation (T ν
μ;ν = 0) is
(4)ρ˙tot + 3 a˙
a
(ρtot + ptot) = 0,
where ρtot and ptot are the total energy density and the pressure
of the Universe, given by,
(5)ρtot = ρφ + ρd
and
(6)ptot = pφ + pd
with ρφ and pφ are respectively the energy density and pressure
due to the scalar field given by,
(7)ρφ = φ˙
2
2
+ V (φ)
and
(8)pφ = φ˙
2
2
− V (φ),
where V (φ) is the relevant potential for the scalar field φ.
Also, ρd and pd are the energy density and the pressure cor-
responding to the ideal fluid with an inhomogeneous EOS,
(9)pd = ω(t)ρd + ω1f (H, t),
where ω(t) is a function of t and f (H, t) is a function of H
and t (H is the Hubble parameter = a˙
a
).
Now we consider the scalar field interacting with the ideal
fluid with inhomogeneous EOS through an energy exchange be-
tween them. The equations of motion of the scalar field and the
ideal fluid can be written as,
(10)ρ˙d + 3H(ρd + pd) = −3Hρdδ
and
(11)ρ˙φ + 3H(ρφ + pφ) = 3Hρdδ,
where δ is a constant.Taking into account the recent cosmological considerations
of variations of fundamental constants, one may start from the
case that the pressure depends on the time t [18]. Unlike the
EOS studied in [19] where the parameters involved in EOS
are linear in t , we consider rather a polynomial form. First, we
choose the EOS of the ideal fluid to be,
(12)pd = a1t−αρd − ct−β,
where a1, c,α,β are constants.
Here, we see that initially the pressure is very large and as
time increases pressure falls down, which is very much com-
patible with the recent observational data.
We consider a Universe with power law expansion
(13)a = tn
so as to get a non-decelerated expansion for n  1, as the de-
celeration parameter reduces to q = − aa¨
a˙2
= 1−n
n
< 0.
Now Eq. (10) together with (12) and (13) gives the solution
for ρd to be,
ρd = t−3n(1+δ)e
3na1 t−α
α
(
3na1
α
) 3n(1+δ)+α−β
α
(14)× c
a1

(
β − 3n(1 + δ)
α
,
3na1t−α
α
)
,
where (a, x) is upper incomplete gamma function.
Further substitution in the above equations give the solution
for ρφ, φ˙2 and V (φ) to be,
(15)ρφ = 3n
2
t2
− ρd,
(16)φ˙2 = 2n
t2
− [(1 + a1t−α)ρd − ct−β]
such that,
(17)φ = φ0 +
∫ √2n
t2
− [(1 + a1t−α)ρd − ct−β]dt
and
(18)V = 3n
2 − n
t2
+ (−1 + a1t
−α)ρd
2
− ct
−β
2
.
Since we have considered a power law expansion of the scale
factor so we can see from the above expressions that ρd and ρφ
are decreasing functions of time so that the total energy den-
sity as well as pressure decreases with time. The evolution of
the Universe therefore can be explained without any singular-
ity. Normalizing the parameters, we get the variation of V (φ)
against φ in Fig. 2(a). Eq. (18) shows that, for β < 2, the po-
tential being positive initially, may not retain this as t → ∞ (as
the 3rd term dominates over first term and the third and second
terms being negative for large values); for β = 2 the potential
can be positive depending on the value of (3n2 − n − c2 ) and
for β > 2 the potential can be either positive depending on the
choices of the constants, but always decreases with time. Hence
β is completely arbitrary and depending on various values of β
and the other constants, potential to be positive, although it is
always decreasing with time. Fig. 2(a) shows the nature of the
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Fig. 1. (a) and (b) show the variation of 1 + 3w where w = wd,wφ,wtot against time normalizing the parameters as mentioned above. (a) n = 2, α = 1, β = 2,
a1 = 0.1, c = 1, δ = 0.01. (b) A = 13 , B = −2, φ0 = 1, δ = 0.1, n = 2.
(a) (b)
Fig. 2. (a) and (b) show the variation of V against φ normalizing the parameters as mentioned above. (a) n = 2, α = 1, β = 2, a1 = 0.1, c = 1, δ = 0.01. (b) A = 13 ,
B = −2, φ0 = 1, δ = 0.1, n = 2.potential for arbitrarily chosen values of the constants. Also
if we consider wd = pdρd , wφ =
pφ
ρφ
, wtot = ptotρtot , and plot them
(Fig. 1(a)) against time, we see this represents an XCDM model
and therefore it makes a positive contribution to a¨/a.
Inhomogeneous dark energy EOS coming from geometry,
for example, H can yield cosmological models which can avoid
shortcomings coming from coincidence problem and a fine-
tuned sudden evolution of the Universe from the early phase
of deceleration driven by dark matter to the present phase of
acceleration driven by dark energy. Furthermore, such models
allow to recover also early accelerated regimes with the mean-
ing of inflationary behaviors [20]. The following model is often
referred to as increased matter model where the pressure de-
pends on energy density and H . A detailed discussion of this
kind of EOS can be found in Ref. [20].
Now we choose the EOS of the ideal fluid to be,
(19)pd = Aρd + BH 2,
where A and B are constants.
Considering the power law expansion (13) and using (10)
and (19), we get the solution for ρd to be,
(20)ρd = C0t−3n(1+A+δ) − 3n
3B
t−2.
3n(1 + A + δ) − 2Further substitution in the related equations yields the solution
for ρφ,φ,V (φ) to be,
(21)ρφ = 3n
2
t2
− ρd,
φ = φ0 + 22 − K3
[√
K1 + K2t2−K3
(22)−√K1 sinh−1
(√
K1
K2
x
)]
,
where x = t K32 −1, K2 = −C0(1 +A), K1 = (6n2(1 +A+ δ)−
4n − 3Bn3δ + 2Bn2)/(K3 − 2), K3 = 3n(1 + A + δ) and
(23)V = 3n
2 − n
t2
+ A − 1
2
ρd + Bn
2
2t2
.
Eq. (22) shows that K1 must be positive and hence K2 also
must be positive for a valid expression. Also Eq. (20) says that
C0 must be positive, otherwise ρd becomes negative initially.
Therefore expression of K2 says that A must be negative, in
fact, A < −1, such that depending on the value of B pressure
can be positive or negative. Normalizing the parameters, we get
the variation of V against φ in Fig. 2(b). The figure shows a
decaying nature of the potential. Also if we consider wd = pd ,ρd
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ptot
ρtot
, and plot them (Fig. 1(b)) against time,
like the previous case, we see this represents an XCDM model
and therefore it makes a positive contribution to a¨/a.
In this Letter we study a cosmological model of the Uni-
verse in which the scalar field has an interaction with an ideal
fluid with inhomogeneous EOS. The interaction is introduced
phenomenologically by considering term parameterized by the
product of the Hubble parameter, the energy density of the ideal
fluid and a coupling constant in the equations of motion of the
fluid and the scalar field. This type of phenomenological in-
teraction term has been investigated in [12]. This describes an
energy flow between the scalar field and the ideal fluid. Also
we consider a power law form of the scale factor a(t) to keep
the recent observational support of cosmic acceleration. For the
first model putting c = 0, α = 0 we get the results for barotropic
fluid. Here for α and β to be positive, the ideal fluid and the
scalar field behave as dark energy. Also we see that the interac-
tion term decreases with time showing strong interaction at the
earlier stage and weak interaction later. Also the potential cor-
responding to the scalar field is positive and shows a decaying
nature. In the second model where pd is a function of ρd and
the Hubble parameter H , we see that the energy density and
the pressure of the ideal fluid and that of the scalar field always
decreases with time. From Figs. 2(a) and 2(b), we see that, the
potential function V decreases for both decelerating (n < 1) and
accelerating phase (n > 1). Also from the values of density and
pressure terms, it can be shown that the individual fluids and
their mixtures satisfy strong energy condition for n < 1 and vi-
olate for n > 1. A detailed discussion of the potential of a scalar
field can be found in Ref. [21]. We see that the coupling parame-
ter shows a decaying nature in both the cases implying strong
interaction at the early times and weak interaction later. Thus
following the recipe provided in Ref. [22] we can establish a
model which can be a suitable alternative to dark energy ex-
plaining the decaying energy flow between the scalar field and
the fluid and giving rise to a decaying potential. As a scalar field
with potential to drive acceleration is a common practice in cos-
mology [22], the potential presented here can reproduce enough
acceleration together with the ideal fluid, thus explaining the
evolution of the Universe. Also we have considered inhomoge-
neous EOS interacting with the scalar field which can represent
an alternative to the usual dark energy model. However, stabil-
ity analysis and spatial inhomogeneity analysis [10] are more
complicated for our investigation, since we are considering the
ideal fluid with two types of equation of states and are analyzing
whether they can be considered as an alternative to dark energy.
Also we have seen that the equations of motion (10) togetherwith the given form of the pressure (12) and (19) are difficult
to solve unless we consider the power law form (13). Once the
power law form is considered, we can easily find exact solution
of ρd (from Eq. (10)) and hence ρφ (from Eq. (2)), which lead
to the given expression for the potential V (φ) [from Eqs. (7),
(8)] analytically. Though this is the backward approach, but oth-
erwise if we start from V (φ), i.e., say V (φ) = V0 Exp(−kφ),
we cannot find any exact solution of ρd,ρφ,pd,pφ,φ, a. So
we can only draw conclusions graphically, not analytically. For
example, Ellis et al. [23] have discussed for the model with radi-
ation and scalar field and found exact solutions in the backward
approach.
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